A special class of higher curvature theories of gravity, Ricci Cubic Gravity (RCG), in general d dimensional space-time has been investigated in this paper. We have used two different approaches, the linearized equations of motion and auxiliary field formalism to study the massive and massless graviton propagating modes of the AdS background. Using the auxiliary field formalism, we have found the renormalized boundary stress tensor to compute the mass of Schwarzschild AdS and Lifshitz black holes in RCG theory. * a-ghodsi@ferdowsi.um.ac.ir
Introduction
Einstein-Hilbert action, as an effective gravitational theory, acquires different higher curvature corrections. The origin of these corrections may come from quantum gravity or string theory [1] [2] [3] . Specifically these gravitational theories with higher curvature corrections in presence of cosmological parameter become more important in the context of AdS/CFT correspondence (see for example [4, 5] ).
There are many questions arising in these theories when one studies different black hole solutions. For example the existence of Schwarzschild AdS (SAdS) or Lifshitz black hole is expected in these theories and consequently computation of mass or thermodynamical properties such as entropy will be a challenging problem.
The linear excitation of the gravitational field or graviton mode is another important object in these theories. It is a well-known property for these theories to have massive excitation modes in addition to the massless gravitons. The stability of vacuum solution requires tachyon-free conditions, which restrict the theory to specific regions of the parameter space.
Another common property in gravitational theories with higher curvature terms, is the existence of the scalar and tensor ghost modes. In pure theories of gravity although a scalar ghost mode can be eliminated by proper assumptions such as trace-less condition of the linearized equations of motion, but the tensor ghost modes may survive and destroy the unitarity of the dual CFTs. At first sight, the absence of tensor ghost modes can be achieved by going to the critical points, but at these points the massive modes degenerate into massless graviton mode and replace by ghost-like logarithmic modes. This theory may include a unitary subspace through the truncation of the logarithmic modes by imposing proper boundary conditions at the linear level. The unitarity problem of these theories has been discussed in various works [6] [7] [8] [9] [10] [11] .
Many different properties of higher curvature theories of gravity have been investigated in different space-time dimensions. For example in d = 3, gravitational theories known as massive gravities, have been studied extensively [7, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Other higher curvature theories of gravity are also studied in five and six dimensions for example see [22] and [23] . In general d dimensions one can follow several recent works, for example [24] [25] [26] [27] [28] .
In this paper we are interested to study a special class of higher curvature theories of gravity, Ricci Cubic Gravity (RCG), in general d dimensional space-time in the context that we mentioned above. We will employ two different approaches, the linearized equations of motion and auxiliary field formalism.
In first approach we study the linear excitations around a d dimensional Anti-de Sitter (AdS d ) space-time and we find the stability conditions of this black hole. We will show that there are restrictions on the free parameters of the RCG when we are eliminating the scalar ghost modes. We also show that this model includes two massive graviton propagators and a massless one. We analyze various critical points of this theory where the massive modes are degenerated with the massless mode. We also compute the energy of excitation modes and the Abbott-Deser [29] energy of different black hole solutions.
In second approach by a reformulation of RCG with the help of auxiliary fields we will find a Lagrangian of second order in derivatives of the fields. The linearization around the AdS d background up to the second order of gravitational coupling, generates the Fierz-Pauli massive action. We can read again the mass of excitation modes by this approach.
The mass of SAdS and Lifshitz black holes can be computed in different ways, either by calculating the free energy and using the first law of thermodynamics or by computing the renormalized boundary energy-momentum tensor. This paper is organized as follow: In section 2, we begin with a six derivatives action constructed out of Ricci curvature tensor and its covariant derivatives. We study the graviton modes by linearizing the equations of motion around the AdS d vacuum. In order to construct a theory free of the scalar ghost modes, we should impose two constraints on the couplings of this theory. We show that RCG contains two massive graviton modes in addition to a massless one. We also discuss about the stability of this vacuum solution. In last part of this section we calculate the conserved quantities of theory by the AbbottDeser method [30] .
In Section 3, we reformulate the RCG action with the help of two auxiliary fields and we linearize it around the AdS d background up to the second order of gravitational coupling. Then we rewrite this action as a linear combination of three Fierz-Pauli massive Lagrangians for spin-two fields [7] . We also find the energy of the linear excitations to reconfirm the stability arguments in section two.
In section 4, we will use the reformulated RCG action to compute the boundary energy-momentum tensor by using the technique which has been introduced in [31] . For this purpose, we will require a well-posed variational principle which provides by some generalized Gibbons-Hawking terms.
We study SAdS black hole solution of RCG in section 5. We find the thermodynamical properties, such as temperature, free energy and entropy. We also compute the finite value of the mass of SAdS from the renormalized boundary energy-momentum tensor by adding a proper counter-term to the boundary terms. We show that this mass is compatible with the first law of thermodynamics for black holes.
As a more complicated case, the Lifshitz black hole has been investigated in section 6. We have tried to find a finite mass from the boundary stress tensor, consistent with the first law of thermodynamics. We observe that similar to the three dimensional case in [31] there is an ambiguity for writing the counter-terms.
Section 7 contains the results of previous sections but in special dimension d = 3 to obtain the central charges of dual CFTs. In last section we summarize and discuss about our results. Almost all parts of the calculations in this paper have been done by the Mathematica package xAct [56] .
Ricci cubic gravity in d dimensions
Let us start with the most general Ricci Cubic Gravity (RCG) in d dimensions by adding all possible independent contractions of the Ricci tensor and its covariant derivatives to the Einstein-Hilbert action in the presence of a cosmological parameter Λ 0 . We restrict ourselves to terms with at most six derivatives i.e.
where σ is a dimensionless parameter and κ is the gravitational coupling constant. These parameters together with the other couplings a 1 , a 2 , b 1 , b 2 , c 1 , c 2 and c 3 make the parameter space of this theory. The six-derivative equations of motion for action (2.1) are given by
The linearized equations of motion
Let us consider a maximally symmetric space in d dimensions as a solution to the equations of motion (2.2). The Riemann, Ricci and scalar curvature tensors can be written as
where Λ is the cosmological constant. By inserting the above tensors into the equations of motion (2.3a)-(2.3g) we will find that the cosmological parameter Λ 0 is related to the cosmological constant via
Now we suppose that the metric fluctuations h µν are around an AdS d backgroundḡ µν which its radius has been fixed by relation (2.5) and the metric is given by g µν =ḡ µν +κh µν .
If we insert this into the equation of motion (2.2) we will find the linearized equation of motion as follow
In above equation the various constants have been defined as follows
In equation (2.6) we have used G µν (h) as a linearized expression for the Einstein tensor which define by [32] ,
Therefore the linearized form of the Einstein tensor is given by
where we have used the following linearized Ricci and scalar curvature tensors
Massless and massive graviton modes
By multiplying the equation (2.6) withḡ µν one can find the trace of linearized equation of motion in terms of covariant derivatives of the linearized scalar curvature tensor in (2.10)
where
(2.12) 1 We have used the same approach and notation as [7] As indicated in [32] , in order to avoid the propagating scalar degrees of freedom in AdS d background we will restrict ourselves to the parameters that satisfy the relation z 3 = z 2 = 0 or
With these conditions, the D'Alembertian operator will be removed from equation (2.11) and therefore the trace of linearized equation of motion reduces to a simpler form, z 1 R
(1) = 0. We also assume that z 1 = 0, therefore R (1) must be vanished. As noted in [24] we may choose the gauge condition∇ µ h µν =∇ ν h, which from (2.10) one leads to R (1) = −(d − 1)Λh and therefore one can set h = 0. Consequently the gauge condition for h µν would be the transverse and traceless gauge∇ µ h µν = h = 0. The linearized Ricci and Einstein tensors in this transverse-traceless gauge become 14) and the linearized equation of motion (2.6) simplifies to
As we see, this equation depends on three parametersσ, σ 1 and σ 2 where we have defined in equation (2.7). The linearized equation of motion (2.15) now can be rewritten as 16) so that the massless and massive modes satisfy the following Klein-Gordon equations in
where the values of masses can be read as
As we see, the parameter space which defined by parameters {σ, a 1 , b 2 , c 1 , c 2 , c 3 }, now can be considered as a space with parameters {σ, σ 1 , σ 2 } when we study the mass of graviton modes. In order to have a free tachyon condition we must restrict ourselves to M There are special subspaces in this three-parameter space: Table 1 : Tachyon free conditions in parameter space.
• At σ 1 =σ = 0 and for σ 2 = 0 in this parameter space, M 2 ± = 0. This corresponds to a tricritical point where two massive modes degenerate into the massless one. At this point the massive gravitons are replaced by new solutions, called "log" and "log 2 " ghost modes, for example see [7] . The linearized equation of motion at this point has a simple form of an equation of motion for a spin 2 version of the 3-rank scalar field, i.e. G µν (G(G(h))) = 0.
• One can find another critical subspace in the parameter space as (σ 2 = 0,σ = 0) at σ 2 1 = 4σσ 2 which in this case, two massive gravitons degenerate into each other, i.e.
• Moreover we have another critical subspace which is defined by (σ 2 = 0, σ 1 = 0 ) at σ = 0, where one of the massive modes degenerates into the massless mode, M − = 0 and M + = 2σ 1 /σ 2 . In this critical line, the degenerated graviton is a logarithmic ghost mode.
• In a special situation, when σ 2 = 0 the linearized equation of motion reduces to
where we have just one massive mode withM 2 = 2σ/σ 1 . The stability holds here when both σ and σ 1 parameters are positive or negative.
As we mentioned in introduction, there will be a unitary subspace if and only if the ghost-like logarithmic modes at the critical points are truncated by imposing certain boundary conditions [6] [7] [8] [9] [10] . But it should be noted that the unitary truncation method is valid only in free theories at the linear level [11] .
Conserved charges
In order to obtain the conserved charges corresponding to the symmetries of the theory, following [29] , [30] and [33] , we may suppose a Killing vector ξ ν and use the linearized equation of motion to write ξ ν E µν L as a surface integral. We use this method to find the mass of asymptotically Schwarzschild-AdS black holes in Ricci cubic gravity.
In the Abbott-Deser method [29] the linearized equation of motion E L µν is considered as an effective energy-momentum tensor. This allows us to compute the conserved charges Q µ as follow 
where ∂Σ is the (d − 2) dimensional boundary of Σ. The conserved charge associated to the RCG can be found by this method from the linearized equation of motion (2.6) as
where we have found this result by generalizing the approach of [7] to the d dimensional space-time. The overall factor is chosen for future proposes in computing the mass of black hole solutions. The equation (2.22 ) is written to the form of∇ ν F µν through the following relations
where G µν (h) was introduced in equation (2.9). Finally the conserved quantities can be found from the following relation
We will use this relation to compute the mass of black holes in AdS d space-time.
Auxiliary field formalism
In this section we are going to rewrite the Ricci cubic action to the form of Fierz-Pauli massive action for spin-two fields. Writing in this form we will be able again to calculate the mass of graviton modes. We will do this by employing the auxiliary field formalism. For this purpose we need to reformulate the six derivatives action (2.1) with using the auxiliary fields which produce an action with just second order derivative terms. To do this, we need to introduce two rank-two auxiliary fields (f µν , λ µν ) [31] , [7] and [34] . Let us start from the following action
where f and λ are traces of the auxiliary fields. We can find the unknown coefficients by computing the equations of motion for auxiliary fields in d dimensions as follows
Rg µν ,
where we have fixed
by using the freedom in scaling of the fields and demanding that the equation of motion from variation of f αβ , gives the value of auxiliary field λ µν equal to the Schouten tensor in d dimensions. By inserting the above results into the Lagrangian (3.1) and comparing with the Lagrangian in the original action (2.1) one finds the following values
where as we see, all coefficients have been fixed except χ 8 and χ 10 . In next section we will show that we are able to fix these remaining coefficients too.
Graviton mass spectrum
Now we can expand the new action (3.1) around the AdS d maximally space up to the second order of field perturbations. The perturbation of auxiliary fields around their background values can be defined through a linear combination of two fluctuating fields k 1µν and k 2µν together with the background metric perturbation h µν , i.e.
where the coefficients are chosen so that the background values satisfy equations (3.2a, 3.2b). By expanding (3.1) around these background fields up to the second order of perturbations and by substituting the following expressions for Ricci tensor
we will obtain the following Lagrangian
where G µν (h) is the linearized Einstein tensor (2.9) or equivalently
To find G µν (k 1 ) one needs to replace h µν with k 1µν in above equation. The coefficients in Lagrangian (3.7) are given bȳ
where for computing these coefficients we have used the relation between cosmological constant Λ and the cosmological parameter Λ 0 in equation (2.5). We have also used the constraints in (2.13). In order to write the Lagrangian as the specific form in equation (3.7), we need to fix the remaining unfixed coefficients as
We can go further and write the Lagrangian (3.7) as a diagonalized form by the following field redefinitions
where immediately give rise to
Doing these, we find a linear combination of massive Fierz-Pauli Lagrangians which contains a massless spin-2 field h ′ µν and two massive spin-2 fields k
mass squares respectively
The achieved values of these masses confirm exactly the values of mass where we have found from equation (2.18) from linearizing the equation of motion . In order to have a ghost-free theory we need all kinetic terms to have the same sign. As we see from (3.13) forσ = 0 this is impossible and we always have a rank two ghost field. This is a general property for higher derivative gravity theories and have been reported in different papers for example see [34] . The holographic studies of critical gravities show that the dual gauge theories are log CFTs, for example see [32] and [34] . For RCG we have found the set of these critical points at the end of subsection 2.2.
Energy of the linear excitations
Using the linearized form of the Lagrangian in (3.13) we are able to compute the energy of graviton modes by constructing the Hamiltonian. Let's redefine h 14) and calculate the Hamiltonian by Ostrogradsky's formalism. We remind that the fields are fixed in the transverse and traceless gauge. The Hamiltonian is given by
Therefore the on-shell energies of the linearized modes are
To have ghost-free modes, the energy of massless and massive gravitons should have the same sign in equations (3.16a) and (3.16b) . This is equivalent to demand that all kinetic terms in the linear action (3.13) must have the same sign. As we told before, in general we have ghost modes in this theory except at the critical points. The results here has been observed already for d = 3 in [7] .
The boundary stress tensor
We showed that the generic Ricci cubic curvature theory in arbitrary d dimensions admits a reformulation by using two auxiliary fields in a two-derivatives action . Variation of this action (3.1), produces the following boundary terms
where n µ is a vector normal to the boundary and all coefficients are given in equations (3.4) and (3.10). In computation of the above expressions we have used f µ ν and λ µ ν as our fundamental fields, see [31] . In order to have a well-defined variational principle we need the generalized Gibbons-Hawking terms [35] , [36] . To do this we employ the method that is introduced in [31] .
Let's choose the coordinates x µ = (r, x i ) corresponding to a slicing of d-dimensional bulk, by (d − 1)-dimensional Lorentzian submanifolds for each value of the radial coordinate r. We can make an ADM-like split of the metric as
where γ ij defines the boundary metric while N and N i denote the lapse and shift functions respectively. Inserting (4.2) into (4.1c) one finds
∂ r γ ij is the extrinsic curvature tensor and D is the covariant derivative with respect to the boundary metric γ ij . Here we have considered N = 1 and N i = 0 for simplicity but we can always get the generalized results in the final answer similar to the work of [31] . By using the above result we can read the Gibbons-Hawking terms as
where K = K i i . Now we are able to find the boundary energy-momentum tensor through a variation with respect to the boundary metric γ ij
by using the Gibbons-Hawking terms in equation (4.4) and boundary terms (4.1b) and (4.1c) 
As it has been shown in [31] , in order to take into account the nontrivial lapse and shift functions, it is enough to replace all the above fields with the following combinations of auxiliary fieldŝ
In next section we will use the boundary stress tensor (4.6) to compute the conserved charges of the RCG for different background space-times. To do this, we decompose the boundary geometry in ADM-like form. Consider the boundary coordinates as x i = (t, x a ), where x a s belong to the d − 2 dimensional space-like hyper-surface Σ, the metric on the boundary can be written as
By using a time-like normal vector u i , we can calculate the conserved charges associated to the Killing vector ξ i as
For example we can find the mass as follow
We will use this relation to find the mass of different solutions of the RCG such as SAdS and Lifshitz black holes in d-dimensions. In addition to the boundary stress tensor we have two other boundary tensors which achieve by variation with respect to the auxiliary fields λ i j and f
By using the action (4.4) and boundary terms in equation (4.1a) one can find these new boundary tensors as
(4.13)
In holographic dictionary it is well known that the energy-momentum boundary tensor T ij is a holographic response function conjugate to the h ij source. On the other hand the auxiliary field formalism in section 3 and specifically equations (3.5) and (3.11) [7] and for three dimensional tri-critical gravity the energy momentum tensor has been expanded in terms of the leading and sub-leading terms in Fefferman-Graham expansion of the metric and central charges have been computed. One may perform the same calculation for τ 1 i j and τ 2 i j . We postpone the holographic study of RCG model for future works [57] .
Schwarzschild-AdS black hole in RCG
In this section we study SAdS black hole as a solution of the RCG. First we study the thermodynamics of this black hole and then we compute its mass by renormalized boundary stress tensor.
Let us start with the following AdS d black hole which is a solution of equations of motion (for simplicity we have considered a flat boundary space but it is possible to consider spherical or hyperboloid spaces)
Here r 0 is the radius of the horizon and the cosmological parameter Λ 0 is related to value of l, the radius of AdS space-time, through the following relation
Black hole thermodynamics
To study the thermodynamics of this black hole we start from temperature and then compute the entropy. The value of temperature can be read from the Euclidean version of the metric by using the following relation
To find the entropy we employ two techniques, the free energy and the Wald's formula.
To compute the free energy we must insert the metric into the Euclidean action
whereσ is given in equation (2.7) and we have considered V d−2 as the regulator volume of d−2 dimensional flat space. In above equation R is a regulator for radial coordinate which we will send it to infinity later. To remove the divergent part of the above expression we need to subtract the value of action for AdS background at temperature
where T ′ is defined in such a way that the time periodicity of the Euclidean AdS background will be equal to the black hole's one at the regulator surface r = R. In other word 1
Finally the free energy is given by
and the entropy can be read as
It is worth to mention that the same result for entropy can be found from the well known Wald's formula for entropy in higher curvature theories of gravity [37] . Starting from
where g ⊥ αβ denotes the metric projection onto the subspace orthogonal to the horizon, one can find the same entropy as (5.8) exactly.
Mass from renormalized boundary stress tensor
The auxiliary field components can be determined by their field equations (3.2a) and (3.2b) in terms of the SAdS black hole metric as followŝ
Using these relations the value of mass can be computed from equation (4.11) . To find the mass we need T 00 from (4.6) together with equations (4.7) and (4.8). The value of mass with this technique becomes
which diverges obviously when computed on boundary at r → ∞. To remove this divergence we need to renormalize the energy-momentum tensor as follow
This can be done by adding a boundary counter-term to the Lagrangian just proportional to the volume of boundary. Consequently the mass is given by
As a check of our results, it is easy to show that the value of mass in (5.13) and the values of entropy (5.8) and temperature (5.3) will satisfy the first law of thermodynamics for black holes i.e. dM = T dS, if one differentiates mass and entropy with respect to the location of the horizon at r = r 0 . As another check one may compute the mass of AdS black hole from the first approach by linearizing the equations of motion i.e. from equation (2.24) . It can be shown that for asymptoticly AdS solutions only the first term in (2.24) has contribution to the AD mass. This computation reconfirms the value of mass in equation (5.13).
Lifshitz vacuum and Lifshitz black hole in RCG
In addition to the SAdS black hole where we discussed in previous section, one can find other interesting solutions such as the Lifshitz vacuum and Lifshitz black hole [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . It should be noted that the Lifshitz solutions with different scaling of space and time have interesting applications as gravity duals of non-relativistic quantum field theories. In this section we will find conditions to have such solutions in RCG. We also use the auxiliary field formalism to compute the mass of Lifshitz black holes. Let us start from the Lifshitz vacuum as a solution for equations of motion. This background is characterized by a dynamical exponent z, which governs the anisotropy between spatial and temporal scalings i.e. x → λx, r → λ −1 r and t → λ z t,
Moreover the cosmological parameter Λ 0 and the Lifshitz length l in the metric above can be fixed by equations of motion and are given by
Lifshitz black hole
Motivated by SAdS solution at z = 1 one may choose the following ansatz to write the Lifshitz black hole
Similar to the Lifshitz background, the above metric is a solution for equations of motion in a special region on parameter space of the theory. These special values are presented in equations (B.1b)-(B.1h) in the appendix B. The auxiliary fields in this background are given by
where all the constant values f 10 to f 32 are given in equations (A.1a)-(A.1i).
Thermodynamics of Lifshitz black hole
With the same approach as SAdS black holes we can read the value of temperature from Euclidean metric
To compute the entropy we suppose that the Wald's entropy formalism still holds here and its value can be found by putting the black hole solution (6.3) into the Wald's formula which we have computed in equation (5.9)
Using the first law of thermodynamics for black holes, dM = T dS, we find that the mass is given by
As we see the value of the mass leads to the SAdS black hole's mass (5.13), when we insert z = 1.
As a general result, we observe that the entropy (6.6) and mass (6.7) for SAdS or Lifshitz black holes in RCG, are both proportional to the critical parameterσ. Stability of these solutions restricts this critical parameter to a positive value i.e.σ > 0.
Several investigations in thermodynamical properties of the Lifshitz black holes have been done in other gravitational theories, for example see [48] [49] [50] .
Mass from the renormalized boundary stress tensor
To find the mass of Lifshitz black hole from auxiliary field formalism we need to compute the integral in equation (4.11) and the value of T 00 can be found by inserting the values of auxiliary field components in equation (6.4) into the relation (4.6). The non-renormalized black hole's mass in this way is given by
and this mass diverges as one goes to the boundaries at r → ∞. To have a finite non zero mass for Lifshitz black holes, the above relation suggests that the only possible massive black holes are those with z = 1, z = d and z = 2d − 1. The case with z = 1 or SAdS black hole has been studied already in the previous section . We now try to find the renormalized mass for two other cases. Similar to SAdS black hole we need to find a renormalized boundary energy momentum tensor here. As noted in [31] , there is an ambiguity in choosing the boundary terms. For example we can choose the following scalar tensors to construct the counter-terms on the boundary 10) and etc. One may find different scalars in order to construct the renormalized action. For example if we restrict ourselves to at most cubic terms with at most two covariant derivatives we can choose the following scalars,
Therefore to find a renormalized mass one encounters the ambiguity in choosing the correct combination of terms as indicated in [31] . To find a renormalized mass we will follow the same steps as [31] and fix the coefficients by using the value of mass in (6.7) which is consistent with the first law of thermodynamics for black holes.
As an example let us start with the following combination of boundary counter-terms which have been chosen for simplicity
By adding these counter-terms and demanding a finite value for mass equal to the value in (6.7) for z = d and z = 2d − 1 simultaneously, we can fix the unknown coefficients α 1 to α 7 which are given in the appendix C.
Ricci cubic gravity in three dimensions
In this section, as an application of our results, we are trying to study the RCG in three dimensions. We will compute the values of central charges corresponding to the dual CFT of the AdS 3 space-time. We also find the BTZ black hole mass and angular momentum from the renormalized energy-momentum tensor.
Central charges
The central charges of the dual CFT of AdS 3 space-time can be computed by applying the renormalized boundary stress tensor (4.6). We will review and use the method in [51] and [31] .
To find the central charge we need the anomalous behavior of the energy-momentum tensor under the conformal transformation. In light-cone coordinates these transformations are
and consequently the energy-momentum tensor components transform as [51] δT
Each transformation contains two parts, a Lie derivative part which comes from the boundary-preserving diffeomorphisms and an anomalous part which comes from the fact that the asymptotic symmetry group of AdS 3 is larger than the boundary-preserving diffeomorphisms.
To compute the central charges from the anomalous terms, let us start with the AdS 3 metric written in the light-cone coordinates
together with the Brown and Henneaux boundary conditions [52] to define the asymptotic behavior of the metric
The diffeomorphisms which respect to Brown and Henneaux boundary conditions are parametrized by the following vector fields
These diffeomorphisms (assymptotic symmetry group of AdS 3 ) do not belong to the class of boundary-preserving diffeomorphism [31] and therefore they will produce anomalous terms similar to those in (7.2).
To compute the transformation of boundarty energy momentum tensor we need to compute the transformation of the boundary metric, the extrinsic curvature and the auxiliary fields components under (7.5). For example we have
Using these relations, all components of the metric remain invariant except two components g ++ and g −− which transform as
3 We note that in the ADM decomposition, the vectorial diffeomorphism parameter X µ can be decomposed as X µ = (ξ i , λ) where ξ i and λ are arbitrary functions of coordinate x µ = (x i , r) [31] .
The extrinsic curvature K ij and its trace are also invariant and the only possible nontrivial components for auxiliary fields (5.10) are (for more details of this computation see appendix A in [31] )
where we have used the scalar ghost-free conditions in (2.13) to write the above relations. Now we can use (7.7) and (7.8) to compute δ X T ++ from the renormalized energymomentum tensor which we found in (5.12)
By comparing the above result with the second term in equation (7.2), one can read the central charge as
This value coincides with the value computed by another method in [16] . An example of the three dimensional RCG is the Extended New Massive Gravity (ENMG) which is a theory free of scalar ghosts. It has been shown in [16] that, it is possible to write the action of ENMG in terms of three dimensional Schouten tensor,
Rg µν and Cotton tensor
Simply one can match the two actions in (2.1) and in (7.11) as follow
By substitution of these values into the definition ofσ d=3 in (2.7), the central charge (7.10) will be equal to the central charge reported in [16] , i.e.
(7.14)
As an alternative way, the values of central charges can be computed from the conserved charges of (2.24) . This method has been used in [7] and [20] , which again confirms the above value for central charges
BTZ black hole
The BTZ black hole is a solution of pure gravity [53] . Here for RCG we have such a solution again. Starting from
where r ± are outer and inner event horizons, the ADM-like metric for rotating BTZ black hole is given by
We can use this metric to compute the conserved charges from (4.10) by using the stress tensor in (4.6) and after renormalization. Then the mass and angular momentum become
Moreover the angular velocity at horizon is defined as
To find the thermodynamical parameters of the BTZ black hole we observe that the Hawking temperature in ADM form of the metric can be obtained from the surface gravity κ as
) . T H S BH + Ω H J for BTZ black holes in three dimension we can evaluate the entropy. The Bekenstein-Hawking entropy is given by
As we see, all conserved charges such as mass, angular momentum and entropy are proportional to the central charge of the dual CFT, therefore the BTZ black hole is stable whenever this central charge is positive.
Summary and conclusion
In this paper we have studied the most general Ricci Cubic Gravity (RCG) in d dimensional space-time. Our Lagrangian in (2.1) is constructed out of the Ricci tensor up to cubic terms and its covariant derivatives such that the equations of motion only contain at most six partial derivatives. We have also considered a cosmological parameter. Since we are interested to study this theory from the auxiliary field formalism point of view, we have restricted ourselves to Ricci tensors. As has been shown in [31] , in three dimensions one needs to consider two rank-two auxiliary fields to construct a Lagrangian with at most two derivatives in its equations of motion. A similar situation holds in general d dimensions.
If we add terms including the Riemann tensor, then we will need to consider rank-four auxiliary field [31] , where we have postponed study of these terms for future works. Our study of RCG is divided into two main parts:
• The linear excitations of gravitational fields around the maximally symmetric AdS d space-time: We have used two different approaches to study the gravitons in RCG. In first approach in section two, we linearize the equations of motion, following to the work of [7] , to write these equations as (2.6). To get ride of scalar ghosts in this theory it would be enough to set the trace of linearized equations of motion to zero. Doing this, we will find two constraints among the nine free parameters (couplings and cosmological parameter) in this theory, (2.13).
The scalar ghost-free condition allows us to use the transverse-traceless gauge so that, the linearized equation of motion now can be decomposed as equation (2.16). This suggests the existence of three exciting modes in AdS d background, two massive gravitons in addition to a massless one. Although seven free parameters have been remained in the parameter space of the theory but the mass of massive modes, (M ± ), depend only on three parameters {σ, σ 1 , σ 2 } in (2.18). These parameters have already defined in (2.7) as a linear combination of parameters of the theory. The stability of the theory in this background (tachyon-free condition or M 2 ± ≥ 0) suggests that the allowed regions of parameter space are restricted. We have summarized our results in table 1. Similar to the three dimensional case, as discussed in [7] , here we have also special subspaces in our three-parameter space {σ, σ 1 , σ 2 } where we have two or three degenerate massless gravitons or two degenerate massive gravitons.
In second approach in section three, we employ the auxiliary field formalism which has been introduced in [31] . To find the graviton mass spectrum we consider the excitation modes around the background metric g µν and the auxiliary fields (f µν , λ µν ) and we show that, similar to three dimensions [7] , we can find a linear combination of three Pauli-Fierz spin-two Lagrangians (3.13). The mass spectrum in this way confirms the results of the first approach.
On the other hand, the second approach shows that forσ = 0, in general it is impossible to avoid the rank-two ghost fields. Our computations confirm the known observation for pure gravitational theories with higher curvature terms that, we can not have both tachyon-free condition and ghost-free condition simultaneously. This statement can be verified by computing the energy of the linear excitations too. This obtains from the Hamiltonian formalism and by comparing the overall signs of energies. The results are given in equations (3.16a) and (3.16b).
• Black hole solutions and conserved charges: The RCG as a theory of gravity with higher curvature terms admits different solutions for equations of motion. In this paper we have focused on two types of solutions: The Schwarzschild AdS (5.1) and Lifshitz black holes (6.3). In section five we have investigated different properties of SAdS solution such as the mass, Hawking temperature and entropy.
The mass has been computed in two different ways. In section (3.2) we first use the Abbot-Deser method [33] to find the conserved charges corresponding to the symmetries of the solution. This can be done by using the linearized equation of motion following [7] and the conserved charge is given by equation (2.24) . We can use it to compute the mass of black hole simply by considering a time-like Killing vector.
On the other hand we can also compute the conserved charges in auxiliary field formalism. This can be done by computing the boundary stress tensor in this formalism. The energy-momentum tensor can be found by variation of the action with respect to the auxiliary fields and metric. To have a well-defined variational principle we need a generalized Gibbons-Hawking term (4.4). The final result is presented in equation (4.6) and mass can be computed from (4.11).
The value of mass in this way diverges, as one goes to the boundary at r → ∞, see equation (5.11) . To find a finite answer, we must renormalize the boundary terms by adding some proper counter-terms. The final value of mass in this way, is given in equation (5.13) and agrees with the mass from the first approach.
We have studied the thermodynamical properties of SAdS black holes in section five, where we have found the entropy of the black hole both by direct computation of the free energy (5.8) and the Wald's entropy formula (5.9) . The values of mass, temperature and entropy satisfy the first law of thermodynamics for black holes, i.e. dM = T dS.
To complete our analysis for more complicated cases, in section six we study the Lifshitz black hole and try to compute its mass from the boundary stress tensor which we found from the auxiliary field formalism. To have such a solution we need to restrict ourselves to the special values in parameter space of the RCG. In this case all constants can be written in terms of two constants, b 2 and σ of the parameter space and also the dynamical exponent z (see appendix B).
Computing the mass, again gives a divergent answer (6.8) but unlike the SAdS black hole it contains four different divergent behaviors when one goes to the boundary. We show that in order to have a finite massive Lifshitz black hole, we have just three options for dynamical exponent, z = 1 or SAdS, z = d and z = 2d − 1.
As it has been noted in [31] for three dimensional Lifshitz black holes, there is an ambiguity in choosing the counter-terms to renormalize the boundary terms. In our study this happens again and there are various possibilities to have a finite mass. Although it is not known that the Wald's entropy formula works here for Lifshitz black holes but one can use it naively to find a finite mass from the validity of the first law of thermodynamics for Lifshitz black holes. The value of this mass is given in equation (6.7). We fix the coefficients of the counter-terms (6.11) on the boundary so that the value of the mass is equal to its value in equation (6.7) (see appendix C). We should note that we will recover the SAdS results at z = 1.
In section seven, as an application of our results, we have studied the three dimensional RCG. For example we have computed the central charge associated to the dual CFT of AdS 3 space-time. We have also calculated the mass and angular momentum of BTZ black holes. Our results confirm the known results in the literature when one considers special values of parameters in NMG or ENMG theories. By looking at the values of mass and entropy of BTZ black hole one can show that the stability condition holds whenσ d=3 > 0. This coincides with the unitarity condition of the dual CFT, because the value of central charge is also proportional toσ d=3 .
As a general result in d dimensional space-time, we observe that the entropy (6.6) and mass (6.7) for those black holes in RCG where we have considered in this paper, are both proportional to a specific parameterσ and stability of solutions requires that this critical parameter of the theory must have a positive value i.e.σ > 0. For z = 1 the value of σ reduces toσ for SAdS black holes. A similar behavior has been already reported for Gauss-Bonnet gravity in [54] .
There are some open questions which we have postponed for further works [57] :
1. It would be interesting to solve the ambiguity in choosing the counter-terms which renormalize the boundary stress tensor. Our choice for these counter-terms in (6.11) is motivated by the holographic renormalization (see for example [55] ). As we mentioned before, we have fixed the coefficients in auxiliary field formalism so that λ µν becomes the Schouten tensor in d dimensions. By replacing (3.2a) into the equation (6.11) we will have a Lagrangian with counter-terms constructed out of the Ricci tensors alone. These terms have been made out of the induced metric on the boundary. It would be interesting to built such a Lagrangian by the method of holographic renormalization and then translate it to the auxiliary field formalism.
2. One can consider the contribution of the Riemann tensor into our analysis. But as indicated in [31] it needs to introduce a rank-four auxiliary field into the game. This will make the analysis more complicated due the existence of total derivative terms such as Gauss-Bonnet term [57] .
A Lifshitz parameters
Coefficients related to the auxiliary fields in equation (6.4) 
